We propose a new Skyrme-like model with fields taking values on the sphere S 3 or, equivalently, on the group SU (2). The action of the model contains a quadratic kinetic term plus a quartic term which is the same as that of the Skyrme-Faddeev model. The novelty of the model is that it possess a first order Bogomolny type equation whose solutions automatically satisfy the second order Euler-Lagrange equations. It also possesses a lower bound on the static energy which is saturated by the Bogomolny solutions. Such Bogomolny equation is equivalent to the so-called force free equation used in plasma and solar Physics, and which possesses large classes of solutions. An old result due to Chandrasekhar prevents the existence of finite energy solutions for the force free equation on the entire tridimensional space IR 3 . We construct new exact finite energy solutions to the Bogomolny equations for the case where the space is the three-sphere S 3 , using toroidal like coordinates.
Introduction
One of the most important concepts used in the study of topological solitons is that of self-duality. The instantons in four dimensional Euclidean space and the so-called BPS monopoles and dyons, static solutions in four dimensional Minkowski space-time, are the best known examples of self-dual solutions. They are solutions of self-dual or Bogomolny first order differential equations which automatically satisfy the second-order equations of motion. In addition, they saturate lower bounds on the Euclidean action; in the case of instantons, and on the static energy in the case of BPS monopoles and dyons. The Skyrme [1] and Skyrme-Faddeev [2] models are important four dimensional field theories possessing topological solitons [3] with a wide variety of applications in several areas of physics. However, such theories do not possess first order Bogomolny type equations, nor an exact lower bound on their static energy. They possess instead inequalities that the energy functional has to satisfy. These inequalities give an estimate (a lower bound) of the lowest energy of the solitons of a given topological sector. The lack of the reduction to the first order equation has certainly prevented the development of exact methods, like those used for instantons and BPS monopoles. Recently some attempts have been made to modify the Skyrme theory to give it a Bogomolny like equation, either by considering kinetic terms which are of order six in derivatives of the fields [4] or by coupling the original Skyrme model to an infinite tower of vector mesons [5] .
In this paper we propose another Skyrme-like model that does possesses a self-dual sector. The fields of this model live on the sphere S 3 , or equivalently on the Lie group SU(2), and they can be parameterized by two complex scalar fields Z a , a = 1, 2, satisfying the constraint Z * a Z a = 1. The action of the model is given by
with m and e 2 being coupling constants, of dimension of mass and dimensionless, respectively. In (1.1) we have µ , ν = 0, 1, 2, 3, and
In this paper we consider this model for two types of space-times: the four dimensional Minkowski space and the Einstein space S 3 × IR. The Bogomolny or self-duality equation for static solutions of the model is given by
and the solutions of these equations automatically satisfy the second-order Euler-Lagrange equations associated to (1.1). The static energy has a lower bound
with Q being the winding number of the map S T is the target space and S the requirement of finite energy imposes the condition that the fields are constant at spatial infinity and so IR 3 can be compactified into S 3 , as far as homotopy issues are concerned. The solutions of (1.3) saturate the bound (1.4).
The paper is organized as follows. In section 2 we discuss the self-duality ideas leading to the construction of the proposed Skyrme model and present its main properties. In section 3 we discuss the connections of our Bogomolny equations with the so-called force-free equations used in plasma and solar physics, and describe the difficulties in constructing finite energy solutions in the entire space IR 3 . Finally, in section 4 we look at our model on the three sphere S 3 and construct its finite energy solutions for its Bogomolny equations.
The construction of the model
The self-duality or Bogomolny type equations have two striking features. Firstly, they are first order differential equations which imply the second order Euler-Lagrange equations, and secondly they lead to a lower bound on the static energy and their solutions saturate that bound. The one less integration one has to perform to construct their solutions does not come, as usual, by the use of dynamically conserved quantities. Instead it comes from the invariance of a topological charge under smooth deformations of the fields, as explained in [6] .
In the case of the model under consideration the relevant topological charge is the winding number of the map S T . Such a winding number is given by the integral formula
where we have written
, and a, b, c, d = 1, 2, 3, 4. Note that on the r.h.s. of (2.1) we have written Q in terms of the vectors A i and B i defined in (1.2) and (1.3), respectively, and it reminds the Hopf invariant used in the theories with the target space being S 2 , like in the the Skyrme-Faddeev model. However, our target space is S
3
T and we are not projecting the map down to S 2 as is the case for the Hopf map. Next we follow the arguments presented in [6] . Let us denote by ζ α , α = 1, 2, 3, the independent fields of the target space S 3 T . The topological charge Q given in (2.1) is invariant under infinitesimal smooth (homotopic) deformations of the fields δζ α , and so, without the use of the equations of motion, one finds that δQ = 0. Since the variations are arbitrary one gets from (2.1) that the vectors A i and B i have to satisfy
On the other hand, the static Euler-Lagrange equations coming from (1.1) are given by
Thus one finds that (2.2) and (1.3) together imply (2.3). On the other hand, since (2.2) is an identity satisfied by any smooth field configuration, it follows that one has to solve just the first order equations (1.3) to find solutions of the second order Euler-Lagrange equations (2.3).
Let us consider next the static energy of the model (1.1)
Then one finds that the lower bound (1.4) indeed is satisfied and that the Bogomolny solutions of (1.3) saturate it. Thus the energy for such Bogomolny solutions can be written as
Note that the two terms in the energy functional balance each other according to Derrick's argument [7] . Indeed, by rescaling the space coordinates as x i → λ x i , one gets that
Thus, the solutions of (1.3) automatically satisfy the condition of stability of Derrick's theorem. The problem, however, is that there may not exist any finite energy solutions of (1.3) (defined over the entire space IR 3 ) as we will discuss in section 3.
A parameterization of the fields
We have the constraint Z * a Z a = 1 which we can solve using one complex scalar field u and one real scalar field ϕ by putting:
In this parametrisation we find that A µ and H µν , introduced in (1.2), becomes
The Euler-Lagrange equation corresponding to (1.1), for the field ϕ, is then given by
and the corresponding equation for u * , using (2.9), becomes
The static Bogomolny equations (1.3) lead to the relations B i = ± m e A i = i ε ijk
2 . Thus they imply that ∂ i A i = 0 and A i ∂ i u = 0. In addition, one finds that
So, the Bogomolny equations (1.3) do indeed imply the Euler-Lagrange equations (2.9) and (2.10).
Solutions on IR 3
The equations (1.3), in the case where the vector A describes a magnetic field, has been extensively used in plasma and solar physics, and there is extensive literature about their solutions. An important result due to Chandrasekhar [8] states that there cannot exist smooth finite energy solutions to the equations (1.3) in the entire space IR 3 . For completeness, we reproduce here the arguments of Chandrasekhar, given on page 158 of his book [8] , since they are quite important for our analysis.
Let C be a vector field defined on the tridimensional space IR 3 , and let r be the position vector of a given point in that space. Then by simple and straightfoward manipulations one can derive the following identity:
If one now requires that the vector field satisfies
it follows that
3)
The conditions (3.2) are equivalent to
which are known, in plasma and solar physics literature, as the equations for force free magnetic fields. Indeed, if C is a magnetic field then in a plasma curl C is proportional to the current density and so curl C ∧ C is proportional to the magnetic force. Since the magnetic forces in a plasma are much stronger than all other forces involved in the system it was suggested in [9] that (3.4) are the conditions to obtain a relaxed state (see also [10] ). Integrating (3.3) over the whole space V ≡ IR 3 one gets 5) which in the case when C is a magnetic field, is known as the virial theorem in magnetohydrodynamics (MHD). In order for the integral on the l.h.s. of (3.5) to be finite it is necessary that | C |→ 1/r (3+ε)/2 , as r → ∞, for ε > 0. However, this implies that the surface integral on the r.h.s. of (3.5) vanishes. So, the volume integral is finite only for the trivial configuration. Thus the force-free equations (3.4) cannot be satisfied over the entire space IR 3 by a smooth finite energy magnetic field C. Another argument, due to Seehafer [11] , states that there can be no finite energy solutions of (3.4), for α constant, outside a compact three dimensional region (like the Sun or any ball) in IR 3 . There exist, however, two finite energy solutions of (3.4), with constant α, in non-compact regions. The first one exists in the case of a semi-infinite rectangular column; it was found by Seehafer [11] . The second one was constructed by Aly [12] in the case of a three dimensional half-space. An extensive discussion of solutions of the force-free equations (3.4) can be found in the book by Marsh [13] ; most of them are defined inside regions of finite volume, like torus and spheres.
The Bogomolny equations (1.3) correspond to the force-free equations (3.4) when we identify A with C, and put α = ±m e. Therefore, all known solutions of the force freeequation can perhaps be solutions of our model. The finite energy solutions, however, will have to be nonzero only over a finite volume or over some special non-compact regions of IR 3 . Note, however, that not all known solutions of (3.4) will be solutions of our model (1.1), since even when we know A we still have to find solutions for Z a , or equivalently for u and ϕ introduced in (2.7), by integrating A given by (1.2) or equivalently by (2.8). This is not always possible and we will discuss in the section 4 when this can be done and when it cannot in the case of field configurations defined over the sphere S 3 .
Solutions on S 3
Next we consider the problem on S 3 . We show that we can construct new finite energy solutions for the Bogomolny equations (1.3) on the sphere S 3 , using toroidal like coordinates, by the embedding of S 3 into IR 4 as in [14, 15] i.e. we define
where r 0 is the radius of S 3 , and 0 ≤ z ≤ 1, 0 ≤ θ a ≤ 2 π, a = 1, 2. The metric on S 3 , in these coordinates, takes the form
In terms of 3-vectors the equations (1.3) can be rewritten as
with A = A z e z + A θ 1 e θ 1 + A θ 2 e θ 2 . Here ∂ ζ i r = h ζ i e ζ i , for ζ i = {z , θ 1 , θ 2 }, with the scaling factors h ζ i defined in (4.2). In components the equations (4.3) become
where we have defined V ζ i ≡ h ζ i A ζ i . We shall look for solutions which are independent of θ 1 and θ 2 , and so the equations in (4.4) become
with λ being a dimensionless parameter defined by
Note that if V θ 1 (z) is a solution of (4.5) so is V θ 2 (z) = V θ 1 (1 − z), and vice-versa. So it follows that V θ 1 (z) has to satisfy the hypergeometric equation:
i.e. V θ 1 = const. F (λ, −λ; 1; z) with primes in (4.7) denoting the z-derivatives. The energy (2.5) of this solution becomes
since the volume element on S 3 , in the coordinates (4.1), is given by dv = r 3 0 2 dz dθ 1 dθ 2 . In order for the energy to be finite we need
, for z → 1, and
, for z → 0. However, we know that F (α, β; γ; 1) =
(see 9.122.1 of [16] ). Therefore, since V θ 1 = const. F (λ, −λ; 1; z) has to vanish at z = 1, we need to require that
and V θ 1 and V θ 2 have to be polynomials of degree | λ | in z, i.e.
with β an arbitrary constant. Here P |λ| and Q |λ| are given by
.
It is not difficult to check that P |λ| and Q |λ| satisfy the orthogonality relations:
In consequence, the energy (4.8) of such solutions is independent of λ, i.e. it is given by
(4.13)
The solution for the vector A then takes the form
(4.14)
Note, however, that such finite energy solutions are not, necessarily, finite energy solutions of the model (1.1). To see this we observe that, according to (4.6) and (4.9), the coupling constants have to be tuned to the radius of the sphere S 3 as
Moreover, so far we have solved the Bogomolny equation (4.3) for the vector A. We now have to find the corresponding solutions for the fields Z a , a = 1, 2, or equivalently, for the fields u and ϕ. We will then see that only one value of λ is permitted if we want to have a finite energy solution of (1.1). Let us parameterize the field u, introduced in (2.7), as
Then the vector A given by (2.8), in terms of these variables, takes the form
In terms of the solutions we have constructed for A the equations (4.17) take the form
We shall try to solve these equations using a simple ansatz
with m a and n a , a = 1, 2, being integers in order to have the fields Z a , a = 1, 2, single valued on S 3 . With this ansatz the first equation in (4.18) is automatically satisfied and the other two require that
Using (4.5) to eliminate V θ 2 we get the final equation for V θ 1 :
Note, however, that V θ 1 is a polynomial of degree | λ | in z and so the equation (4.21) will be satisfied if we solve the | λ | +1 algebraic relations for different powers of z in (4.21). However, looking at the arbitrary power z k , k = 0, we note that these relations require that
Thus the degree of V θ 1 must be unity, i.e. | λ |= 1. In consequence we see that
with the second relation coming from the term independent of z in (4.21). Thus, the only permitted solution is of the form
and so
Finally, we have to consider the boundary conditions for g. If we require that g(0) = g(1) we have a trivial solution. So to get a non-trivial solution we have two acceptable boundary conditions:
Denoting l ≡ m 1 = m 2 , we note that we have two nontrivial solutions, corresponding to the two choices of boundary conditions,
In both cases the coupling constants have to be related to the radius of S 3 by
The energies of these solutions are equal and are given by
and the corresponding winding number is
It is worth mentioning that, as shown in [14, 15] , the solutions (4.25) and (4.26) also solve the model (1.1) in the case when the quadratic term is absent, i.e. m = 0, and in consequence, the ϕ field is also absent.
Conclusions and Final Remarks
In this paper we have defined a new Skyrme-like model which has an exact BPS bound. The basic formulation of the model does not depend on the properties of the space-time manifold over which the model was defined.
When we have tried to find finite energy solutions of this model we have discovered that its BPS equation, known as force-free equation, has already been used to describe some phenomena in plasma and solar physics applications. Most of these phenomena involved fields defined over finite or semi-finite domains and we have found an old observation of Chandrasekhar that the model does not possess finite energy solutions when considered as a model for smooth fields over the entire IR 3 . This, of course, does not prevent the model from having any compacton-like solutions but, so far, we have not succeeded in finding any. However, the model does possess finite energy solutions when we consider it over other space-times. So we looked at its solutions over S 3 and in the last section of the paper we have presented two classes of such solutions. The solutions depend on one integer parameter l and for any value of this parameter both have the same energy and the same topological charge (proportional to l 2 ). We are now studying other properties of the model and checking whether the model possesses further solutions.
